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The purpose of this note is to present a method for obtaining balanced 
incomplete block designs of the form (E, 23), where the set E of varieties 
is the set of edges of a complete graph, and the set 23 of blocks is a set 
of subgraphs. In particular, 23 is an isomorphism class of subgraphs. 
Let V be an n-set of vertices and let E denote the set of edges of the 
simple, undirected, complete graph on V. E is simply the set of all 2-sub- 
sets of V. Let P(V) denote the set of all subsets of V, and let S,~ denote 
the symmetric group of permutations of V. Then Sn acts in a natural 
way on the sets P(V), P(P(V)), P(P(P(V))), etc. Let Bbe a subset of E. 
Then (V, B) is agraph. Let 23-- {B a: ~ ~ S,,}. 23 i sa  set of blocks 
with E as the set of varieties. We shall see that (E, 23) is a partially ba- 
lanced incomplete block design with two associated classes. Choosing 
the graph (V, B) to depend upon a parameter Kin addition to n, we shall 
merge the two associated classes by solving an equation in n and K, 
thus producing a balanced incomplete block design. 
Clearly (E, 23) admits Sn as a group of automorphisms since E and 23 
are orbits under the action of Sn 9 Let T denote the set of 2-subsets of 
E, i.e., an element of T consists of two distinct members of E. The action 
of Sn on T decomposes T into two orbits T1 and Tz. The members of T1 
are isomorphic to {{a, b), {a, c)) and those of T2 are isomorphic to 
{{a, b), (c, d}) where a, b, c, dare distinct vertices. Let ti be a member of 
Ti, and let 2i denote the number of blocks in 23 containing ti 9 If t is 
any other member of T~, t is also contained in exactly 2~ members of 23 
since Sn acts as an automorphism group of (E, 23), and S n is transitive 
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on 7"i. In other words (E, ~) is a partially balanced incomplete block 
design with two associated classes and parameters (b, t,, k, r, 2~, 22). 
Here b .... / ~i ,  u =(n)  and k 2  'B ' .  In the event that ) , :  2.~, 
% 
(E, ~) will be a balanced incomplete block design. 
Let us consider a method for calculating b, 21 and L.. Let A(B)  denote 
the automorphism group of B, i.e., A(B)  {st c S,, : B~ B}. Now 23 
is the orbit containing B as an element. Thus, [ 231 IS,, : A(B)], the 
index of A(B)  in S,~. Letting g [ A(B)  [, we have b -- n!/g. 
Let ui be the number of members of T~ contained in B, and let n~ ]Tfi. 
We shall count the number of ordered pairs (t, C) in two ways, such that 
t r T~, C e 23, and t _c C. For a fixed t ~ T i , there are 2~ distinct 
C e 23 such that t _c C. Thus, the number of pairs is n~2z. On the other 
hand, for a fixed C c 23, there are u, distinct t r T i such that t _c C. 
Hence, the number of pairs is bu i . Thus, niA i bu i ,  and 2i -- bui /n i .  
For (E, 23) to be a balanced incomplete block design it is necessary 
and sufficient hat bUl/nl - -  bu2/n2, or 
l l lH  2 lt,21l I . (1)  
Notethatnl= n(n-1) (n -2 ) /2andn= n(n- l ) (n  2 ) (n -3 ) /8 .  
Thus, (1) becomes 
n (4uUu~) i 3. (2) 
tLYample. Let B be the set of edges of a cycle (xa,xz,. ... v K) of length 
K, K~>4. Then ] B ] - K, u~ - ~ K, and u2 --  K (K  - 3)/2. From (2) 
we obtain n 2K-  3. Thus, for each K--~ 4 we obtain a balanced 
n)  varieties, where n = 2K--  3. Since 
K 
incomplete block design with 2 
/ 
g-  2K(n -  K)!,  we have b-  n! / (2K(n  K)!). The following table 
gives the parameters for the resulting block designs for the first 3 values 
of K. 
K n v b k r 
4 5 10 15 4 6 2 
5 7 21 252 5 60 12 
6 9 36 5040 6 840 120 
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